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Abstract. We study randomly induced subgraphs G of a hypercube. Specifically,
we investigate vertex covering of G by cubes. We instantiate a greedy algorithm
for this problem from general hypergraph covering algorithm [9], and estimate the
length of vertex covering of G. In order to obtain this result, a number of theoretical
parameters of randomly induced subgraph G were estimated.
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1 INTRODUCTION

Randomly induced subgraphs of the cube are related to minimization of Boolean
functions in the class of disjunctive normal forms. A survey of results is presented
in work by Kostochka, Sapozhenko, and Weber [7].

We study randomly induced subgraph of an n-cube. The model of random sub-
graphs is the following one: each edge is present in a subgraph with probability p
(0 < p < 1), independently of the presence of other edges. Burtin [3] studied con-
nectedness of these graphs for p # 1. Erdés and Spencer [4] and Toman [10] studied
components of random subgraphs for p = % Ajtai, Komlds, and Szemeredi [1] ana-
lyzed components for p = &£, Toman [11] estimated radius of a random subgraph

n
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of an n-cube for p >
for p > %

We show that random graph does not contain cubes of arbitrary sizes. We es-
timate the number of cubes of given order (we obtain an asymptotically precise
estimates for some cube orders). Further, we estimate the number of cubes contain-
ing fixed vertex, and the relative number of cubes with this property.

These results are used to estimate the size of vertex covering of random graph
by cubes obtained by greedy algorithm. The greedy algorithm was instantiated
from hypergraph covering algorithm proposed by Sapozhenko [9]. As a corollary, we
obtain an upper bound of vertex covering of random graph by cubes.

3. Bollobas [2] and Kostochka [8] studied perfect matchings

2 PRELIMINARIES

Let G be a graph. The vertex set of G will be denoted by V(G), and the edge set
by H(G).

Let @, be an n-cube graph consisting of 2" vertices labelled by binary vectors
of length n, and n2"~! edges joining vertices differing in exactly one coordinate. We
denote by G™ the set of all subgraphs of @,, with the complete set of vertices. Thus,
every G € G™ has 2" vertices.

A random graph is a graph obtained from @), by independent removal of edges.
The probability that the edge is not removed is denoted by p, where p is a constant
(0 < p < 1). We shall consider a probabilistic space (model) (G", P), where P :
G™ — (0, 1) is a probabilistic function defined as follows:

P(G) = p\H(GM(l _p)IH(Qan\H(G)\_

The probabilistic function P can be naturally extended to arbitrary subset R of
G™:

P(R)=Y_P(G).
GER

We call a subset R C G™ a property of graphs. We shall say that random graph
has a property R, if lim,,—,o, P(R) = 1.

A graph K is a subgraph of G, denoted by K C G, if V(K) C V(G) and
H(K) C H(G). For graphs G € G", we shall say that K is contained in G, if K C G.

A real-valued random variable X is a measurable real-valued function on a pro-
bability space, X : (G", P) — R. All random variables in this paper are non-
negative integer random variables. Let X be a random variable. The expectation,
and the variance of the random variable X will be denoted by E(X) and Var(X),
respectively. The variance of a random variable X can be expressed as follows:
Var(X) = E(X?) — E(X)2

Let X be a non-negative random variable and let ¢t > 0. Then we have (Markov’s
inequality):

Pr[X >t BE(X)] <

~+ | =
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Now, let X be a real-valued random variable and let d > 0.Then we have (Cheby-
shev’s inequality):

Var(X)
Pr[|X —E(X)| >d] < —z
We say that a, is asymptotically equal to b,, notation a,, ~ by, if lim, ., ’;—: =

The symbol Inz and lgx denotes natural and binary logarithm of z, respectively.
We shall often use the logarithm to the base %. To simplify the notation, we put

b= % and write log, = instead of log, ), z.

3 GREEDY COVERING OF THE RANDOM GRAPH BY CUBES

Let V = {v1,...,v,} be a finite set. Let H = {Hy,..., H,,} be a set of subsets of
the set V such that | J;“, H; = V. The pair (V, H) is called hypergraph with the set
of vertices V, and the set of edges H. Degree of vertex v; € V' (denoted by deg(v;))
is the number of edges containing v;.

Let (V,H) be a hypergraph. Let V' C V and H' C H be such subsets that
V' C Up,en Hi- We say that the set H' covers the set V', and the pair (V, H') is
subhypergraph of (V, H) (denoted by (V', H") C (V,H)). If V! =V, the set H' is
the covering of hypergraph (V, H), and |H’| is the length of the covering.

Let ComputeCovering be a straightforward greedy algorithm for computation of
covering, see Figure 1. The input of ComputeCovering is the hypergraph (V, H).
The algorithm chooses one edge from H in every iteration. In the first iteration,
the edge of maximal size is chosen. Let H (k) denote the set of edges chosen in first
k iterations of ComputeCovering. Let V(k) = V \ Upy,eppy Hi- If V() = 0, the
algorithm stops with result H(k). Otherwise, the algorithm selects the edge H,,
from H \ H(k) containing largest number of vertices from V' (k). The algorithm sets
Hk+1)=H(k)U{Hy}.

ComputeCovering(V,H)

k=0;
H(0)=0; V(0) =V;
while V (k) # 0
find edge H,, € H \ H(k), such that |H,| is maximal,
Hk+1)=H(K)U{H,};
V(k+1) =V \Upen Hi;
k=k+1;
end
return H (k)

Fig. 1. Algorithm ComputeCovering

It can be seen easily that ComputeCovering terminates with covering of hyper-
graph (V, H). We call this covering simple covering and its length is denoted by
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14(V,G). The following theorem is proved in [9].

Theorem 1. Let (V, H) be a hypergraph. Let (V',H") C (V, H) be a subhyper-
graph satisfying the following conditions:

1. Vv € V': deg(v) > d, for some integer d,
2. |[V'| > (1 —¢)|V|, for some ¢ > 0.

Then the length of simple covering satisfies the inequality
B |Vide
d |H'| -

We apply the theorem for obtaining upper bound of the length of vertex covering
of random graph with 2™ vertices by cubes. For every graph G = (V, H), a subgraph
of an n-cube, a hypergraph (Vi, Hg) is defined as follows: Vi =V, and Hg is the
set of all cubes contained in G. Let H, ;(G) be the set of all k-cubes contained
in G. Let deg,(v, G) be the number of k-cubes from H, x(G) that contain vertex v.
Further, let Vg (k, d) C V be the subset of those vertices v, such that deg, (v, G) > d.
Obviously (Vg (k,d), H,x(G)) C (Vg, He). If |Vg(k,d)| > (1 —€)2", for some € > 0,
then Theorem 1 can be applied to estimate the length of simple covering. We get
|H,, x(G)] I 2"de

In the following sections we prove some properties of random graphs to fill gaps
in this upper bound. All properties are studied asymptotically, i.e. with probability
converging to 1 for n — oo.

La(V,H) <1+e|V|+

AV, Hg) <1+ e2" +

4 CUBES

We start with exploration of subcubes in random graph G € G™.

Definition 1. A subcube of order &, or k-subcube (for 0 < k < n), is a k-cube
subgraph of Q,.

Recall that all random variables in this paper are random variables in pro-
babilistic space (G™, P). Let X, be a random variable denoting the number of
k-subcubes contained in G € G™. Thus, X, = |H,x(G)|. In subsequent lemmas
we express the expected value of X, ; and estimate its variance.

Lemma 1. Let K be a k-subcube. Let G € G™. Then the probability that K is
contained in G is -
Pr[K C G] = p"* .

Proof. B
Pr[K C G] = p/HUOl = 2",
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Lemma 2.

E(Xn,k) _ (Z) 2n7kpk2k'f1'

Proof. The expected value can be expressed as a sum of probabilities Pr[K C G]
over all k-subcubes of Q,:

E(Xnk) = > PrlK CG.

Using the previous lemma we obtain

mek T < )2n kpkzk !

Lemma 3.

2
Var(Xnk) = <Z) 2n7kpk2k'—l.

Proof. We express E(X?,), the expected number of ordered pairs (K, L), such
that K, L are k-subcubes, and K, L C G:

E(XEL L) = Z p\H(K)UH(L)l - Z p\H(K)\HH(L)\*\H(KﬂL)l :kak Z ple(KﬁL)\
7 (K,L) (K,L) (K,L)

1)
where the sum is taken over all k-subcubes of Q,,. If KNL # (), then KNL a subcube
of order j, for some 0 < j < k. Thus, |H(K NL)| = j27~1. Let A; count those pairs
(K, L), such that K N L is a j-subcube. Trivially, A; = (" )zn 1020 (5). The
number of pairs (K, L) such that K N L =0 is ((}) 2"”“)2 ijo A;. Substitution
in (1) gives

oo (£ (05001

R

We denote a; = 277 (p*ﬂ"'"1 — 1), for 0 < 7 < k. For estimating an upper bound of

Var(X,, ) we use the inequality a; > a;, and following combinatorial identity, see

SOCE -0
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We have

k .
— —k
Var(X,, Spkzk-Q"a (n) (n j) (n >
(X,0) GGG
2

O

Theorem 2 (counting cubes of given order). Let ¢(n) be an arbitrary increasing
function. Then, with probability converging to 1 as n — oo, the following inequality
holds for any G € G™:

(1) (o =) << () (2 ).
where € = p(n)/2n—kph2"~",

Proof. We substitute the results of Lemma 2 and Lemma 3 into Chebyshev in-
equality for random variable X, x. Moreover, we set € = ¢(n)(})/2"*p¥?" . Since
lim,, o0 1/(n) = 0 we get

ar( X,
lim Pr[| X, — B(X,)| > €] < lim Var(Xn)

n—00 n—o0 62

=0.

Hence
lim Pr| X, — E(Xux)| <e] =1.

n—oo

O

The maximal order of cubes contained in a random graph is an important quan-
tity needed for the estimate of simple covering length. Let p be the smallest integer
satisfying the inequality

p—1+1g(p+1) > lglog, 2. (2)

We show in Lemma 4 that random graph does not contain k-cubes, for any k > p.
Since p is the smallest integer satisfying (2), we get

w—2+l1gu < lglog, 2". (3)
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Inequalities (2) and (3) yield the following upper and lower bounds:

( 1 > (p.+1)2"_1
Z > on
p
1\
(—) < 2"
p

For sufficiently large n we use the following estimates of p:
< [lglog, 2™ — Iglglog, 2" + 2]

1
u~lglog, 2" = lgn—lglgz—).

399

(6)
(7)

Lemma 4. The following statements hold for any G € G™, with probability con-

verging to 1 as n — oo:

1. G does not contain cube of order greater than ;
2. X~ (Z)Q”’kpmk_l, for k < p—2.

Proof. In order to prove the first part, we show that lim,,_,., X, » = 0, for any k > p.

According to Theorem 2, it suffices to show that lim,, (Z)gp(n)Q"’kpk

ok—1

= 0. Let

my = (Z)gp(n)Q"*’“pkzk_l. The inequality () > n* yields my < @(n)2klEntn—kpk2t=t

We can write p = k + r, for r > 1. Then
my < g0(7,L>2(,11.+T)lgn277‘p(,u‘+r)2“'*""_1.

Since r > 1 we get
my < p(n)20tr)lengn <p(;4+7,)2u—1)2 '
Using inequality (4) gives

9(ptr)lgn

my < ()20 NN (2T = p(n) S

Asymptotical estimate (7) implies lim,,_, my = 0.

The proof of the second statement follows from 2, if we show that

(M p(n)y/2n=hph? " = o( (1) 27 Fph" ) for k < pu — 2, f.e.

lim%ZO

n—oo , / 2n7kpk2k_l

Since ¢(n) is arbitrary increasing function, it is sufficient to show lim,,
= o0, for k < p— 2. Let my = 2" *p*2™". Then, for k < p — 2:

my, > 2nTHERp 22

2n7kpk2k’1
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Applying (5) we get

my > 22 (97

my > 2212
Asymptotical estimate (7) implies lim,, o my = 0. O

Theorem 3 easily follows from upper bound (6) and Lemma 4:

Theorem 3 (nonexistence of big cubes). Any graph G € G™ does not contain cu-
bes of order k > lgn — lglog, 2" — Iglglog, 2" 4+ 3, with probability converging to 1
as n — oo.

The number of edges of random graph G € G™ is another quantity we needed
to estimate. We denote by h, a random variable counting edges of G. Trivially
hn = Xn1 (each edge is a 1-cube). Thus, the results for cubes in random graph can

be used for estimating h,,.

Theorem 4. The following statements hold for any G € G", with probability con-
verging to 1 as n — oo:

02" — /T <y, < 2 4 /T ®)

Ry ~ m2"7 1 (9)

Proof. Inequalities (8) follow from Theorem 2, for ¢(n) = n and k = 1. Estimate (9)
is a corollary of Lemma 4. O

5 CUBES CONTAINING A FIXED VERTEX
Recall that deg, (v, G) denotes the number of k-cubes in G containing vertex v.

Lemma 5. Let 0 < k < kg, where ko = [lglog,n+2]. Let P, (v) be a probability
that for random graph G the following inequality holds:

n ok—1 1 n k—1
deg, (v, G) — <k>p"2 >k—0(k>pk2 :

5
ck;

Then
Pn,k (U> S

Proof. Let Y,, ;, be a random variable denoting the number of k-cubes in G contain-

ing vertex v. It can be easily seen that E(Y, ;) = (Z.)pkgk*l.
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Let nix be a 0/1 random variable (indicator) attaining value 1, if and only if
cube K C G contains v. Let us express E(Y,7):

E(Yie) = B mwn) = Y Prlngn = 1]

(K,L) (K,L)
Z Pringn, = 1]+ Z Pringn, = 1],
KNnL={v} KNL#{v}

where the sum is taken over all order pairs (K, L), such that K, L are k-cubes
containing v. If K N L = {v}, then Prlngn, = 1] = p*2*. Therefore

n\ (n—k : n\ 2 ok
Z Prlngn, = 1] = <k) ( 1 >pk2k < <k) P = E*(Yox).
KNnL={v}
If KN L#{v}, we get (j denotes order of cube K N L)
N A A Y
Z PI‘[??KT]L—].]—Z<) (k_ > <k‘_].>pk2ky2 1'
KnL#£{v} j=1 J J J

The largest summand is the first one (j = 1), for k£ < ky. Hence, the sum can be
estimated

Z Pringny = 1] < k0n<Z 1) pkzk 1 < 0 EQ(Y ).
KnL#{v} - n
Putting all these estimates together, the variance of Y,, ; can be expressed:

Var(Yo.) = E(Y,2,) — E*(Ya)
]{)3
< EX(Yyp) + %0 E2(Y.p) — E2(Y,)

Ckg 2
= E“(Y,
5 (v,

The Lemma follows from Chebyshev inequality for random variable Y, ; by setting
g = L E(Y k)- D
kg ,

Remark 1. In an unpublished manuscript we have shown that the orders of maxi-
mal cubes that cover asymptotically all vertices of a random graph lie in interval

(Iglog, n — 1glglog, n,lglog, n + 2).

Let b, (G) be the number of vertices from G such that |deg, (v, G) — E(Y, ;)| >
kio E(Y, k). The expected value of by, can be upper-bounded by help of Lemma 5:

ank < C]fo Jon.

veG
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Applying Markov inequality to by(G) yields
1
Pr[bp(G) > ko E(b(G))] < T
0

Since kg — oo for n — 0o we get

6
ckg

lim Pr[bg(G) < - 22" =1. (10)

n—oo

This estimate holds for any k < k. Let e¢(ko) be a relative number of those vertices,
such that deg,, (v, G) < (Z”)pkogko_l(l = kio) Applying (10) we get

0

lim Prleg(ko) < C—O] =1
n

n—00
We restate this result as lemma.

Lemma 6. Let eq(ko) be a relative number of those vertices, such that deg, (v, G)
< (;’;)pkﬂkofl(l - k_10> Then with probability converging to 1 as n — oo, the
following inequality holds:
ckS
ko) < —2.
EG( 0) =",

Let us summarize the obtained results — for random graph G with probability
converging to 1 as n — oo:

1. G does not contain cubes of order greater than p ~lgn — lglg 1—17,
2.
Xk ~ (Z) 2"”"])"'2’671, for k < p—2,

ck$
ea(ko) < 70, for some constant c.

It follows from our discussion that the length of greedy covering of the random
graph by cubes can be estimated by Theorem 1 for the parameters

n kp2k0—1 1
= 0 1 _ — = =
d (k[))p < ]{,‘0> s 3 €G(k‘0), k k‘o

vi=2, || = (n)Qp
ko

Simplification leads to the following theorem:
Theorem 5. The length of greedy covering of the random graph by cubes is, with

probability converging to 1 as n — co, at most

2n
T (1 - o(1)).
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